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ABSTRACT: Experimental values of Flory–Huggins pa-
rameters, �, between polymers and probes, are frequently
used to determine the solubility parameters of the polymers
by the method of DiPaola–Baranyi and Guillet. The solubil-
ity parameters of probes were usually estimated by using
heat of vaporization. When � is measured at a temperature
near the critical temperature of the probes and used to
determine the solubility parameter of polymers, the depar-
ture of enthalpy of the probe vapor from the ideal gas state
should be considered. This study discussed the method to
make the correction and its effect on the determination
solubility parameter of polymers. Without correction in the
vapor phase enthalpy, the solubility parameters of the

probes and polymer tend to be underestimated and the error
increases when the critical temperature is approaching. An-
alytical expressions for the effect of correction on the solu-
bility parameter of probes and parameters of polymers were
derived. By use of probes with a range of solubility param-
eters on both sides of the solubility parameter of polymers,
the correlation between parameters of polymers was shown
to be reduced. © 2004 Wiley Periodicals, Inc. J Appl Polym Sci 94:
1547–1555, 2004
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INTRODUCTION

The knowledge of the interaction parameters between
polymers and solvents is very important in the study
of their miscibility and thermodynamic properties of
solutions. Inverse gas chromatography (IGC) was
demonstrated to be an effective tool for measuring the
thermodynamic properties of solute (probe) vapors in
polymers.1–4 The name IGC was used because the
subject of the study is the stationary phase rather than
the probes. In IGC measurement, a known amount of
nonvolatile stationary phase is dissolved in a solvent
and coated on a porous inert support. When a liquid
probe is injected into the column, the probe vaporizes
and flows with the carrier gas, and a characteristic
specific retention volume can be measured. If the mo-
lecular weight of the stationary phase is known, the
specific retention volume can be related to the activity
coefficient of the probe in the stationary phase.1–7 By
using Flory–Huggins theory,8 the Flory–Huggins in-
teraction parameter between a polymer and probe, �,
can be related to the specific retention volume of
probes, Vg

0, by1–5

� � ln�273.16Rv2
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where R is the gas constant, T is the column temper-
ature, v2 is the specific volume, M2 is the molecular
weight of the stationary phase, and P1

0, V1, and B11 are
the vapor pressure, liquid molar volume, and the sec-
ond viral coefficient of the probe, respectively. In the
IGC study of polymers, the molecular weight M2 is
large; the V1/M2v2 term is usually small and can be
neglected. When � � 0.5, the probe liquid is generally
characterized as a good solvent for the polymer,
whereas a value � 0.5 is a poor solvent and may lead
to phase separation.8 IGC was first applied by Guillet
and coworkers9,10 to study the thermodynamics of
probe–polymer interactions by using a polymer as the
stationary phase. The interaction between probes and
a polymer is usually represented by the Flory–Hug-
gins interaction parameters, �, and analyzed through
the solubility parameters of the polymer and probes.

METHOD TO DETERMINE THE SOLUBILITY
PARAMETER

In 1916, Hildebrand11 pointed out that the relative
solubility of a given solute in a series of solvents is
determined by the internal pressures of the solvents.
Later, Scatchard12 introduced the concept of cohesive
energy density into Hildebrand’s theory, identifying
this quantity to be the internal pressure. In 1949,
Hildebrand proposed the term solubility parameter
and the symbol �, which is defined as the square root
of the cohesive energy density13
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� � ��Evap

V �1/2

� ��Hvap � RT
V �1/2

(2)

where �Evap and �Hvap are the energy and enthalpy of
vaporization, respectively, and V is the molar volume
of the liquid. The cohesive energy density represents
the energy required to separate the liquid molecules
into the ideal gas state. In the above equation, it was
assumed that the vapor phase is an ideal gas; there-
fore, �E � �H � PV � �H � RT. An unambiguous
value of solubility parameter can be determined if the
material can be vaporized. The heat of vaporization is
frequently calculated from the vapor pressure of the
saturated liquid by the Clausius–Clapeyron equation:

d ln P
d�1/T�

� �
�Hvap

R�Z (3)

where �Z is the difference in the compressibility factor
between the saturated vapor and saturated liquid. It is
unity when the gas phase is in an ideal gas state and
the compressibility factor of the probe liquid is small,
but will be less than unity when temperature ap-
proaches the critical temperature.

The solubility parameter model was successful in
describing thermodynamic properties of solutions. It
was shown that the Flory–Huggins interaction param-
eter can be related to the solubility parameters of the
two components by the relation13

� � �V1/RT���1 � �2�
2 (4)

where �1 and �2 are the solubility parameters of the
probe and the polymer, respectively, and V1 is the
volume of the probe. The above equation implies that
� is always positive. A negative experimental value of
� can occur in systems with a specific interaction. One
way to overcome this problem is to add an entropy
term into the Flory–Huggins interaction parameter so
that � � �H � �S,14–18 where the dimensionless �S is an
entropy term which can be used to accommodate de-
viation from the original solubility parameter model
in eq. (4). When �S is added, the following modified
form of the solubility parameter model is obtained

� � �V1/RT���1 � �2�
2 � �S (5)

Because polymers have no appreciable vapor pres-
sure and their molar volumes are not accurately
known, the definition in eqs. (2) and (3) cannot be used
for polymers. Experimental values of � were used in
the determination of the solubility parameters of poly-
mers. Guillet et al.14,15 demonstrated the use of IGC in
the determination of � and the solubility parameters of
polymers. In their studies,14,15 eq. (5) was modified as

� �1
2

RT �
�

V1
� � �2�2

RT��1 � � �2
2

RT � �� (6)

where � � �S/V1. In the application of eq. (6) to IGC
data, it is assumed that the � term depends on the
polymer and remains constant for a series of probes.
The expression then has a form similar to a linear
equation with the slope. From the standard formula of
the linear least-squares method, the expression of �2
was derived in a previous study to be19

�2 � 	
��i � ����i
2 � RT�i/Vi��/2	
��i � ��2� (7)

After �2 is determined from the slope term, the inter-
cept is used to calculate �. From �, �i, and �2, the
values of �S for each probe are determined by using
eq. (5).14,15,20,21 Guillet et al.14 determined �S by using
the above approach for hydrocarbon probes in ethyl-
ene–propylene rubber, cis-polyisoprene, and amor-
phous polypropylene. The values were � 0.3 and
showed a small probe dependence; they were higher
for linear alkanes and smaller for aromatic probes.
Since then many studies20–26 were made to determine
the solubility parameters of polymers, a collection of
studies of the Flory–Huggins interaction parameters
and solubility parameters of polymers was published
by Barton.27

IGC was used for high temperature starting from
the early study of DiPaola-Baranyi and Guillet.14 In
that study, temperatures up to 203°C were used to
measure � in polystyrene. In the case of polymers with
a high glass transition temperature such as poly(2,6-
dimethyl-1,4-phenylene oxide), temperatures as high
as 280°C were used.28 It is a recent trend that IGC is
used to measure the solubility parameters of polymers
at high temperatures.29–33 Some common probes such
as hexane, benzene, and acetone have critical temper-
atures only slightly �500 K. At temperatures near the
critical temperature, the vapor pressure of probes
could be higher than the atmospheric pressure and
gradually approaching the critical pressure. The satu-
rated vapor of probes would depart from the ideal gas
state. Because IGC is generally operated near one at-
mosphere pressure and permanent gases are used as
the carrier gas, there is a tendency to think that the
vapor phase is in an ideal gas state. This is not true for
probe vapors. This departure from the ideal gas state
for probes have two effects on the solution thermody-
namic properties. The first is the effect on the activity
coefficient of probes. The reference state for the activ-
ity coefficient of probes is the fugacity of the saturated
liquid state.34 An increase in vapor pressure of a probe
will affect the activity coefficient of the probe. This
effect was considered in early studies on the IGC
method6,7 and is corrected by the last term of eq. (1). In
their derivation, it was assumed that the departure of
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the probe vapor from the ideal gas state can be de-
scribed by the second viral coefficient. Because this
term is proportional to the vapor pressure of probes,
its effect is significant even when permanent gases
such as helium or nitrogen are used as the carrier gas.
With this correction, the activity coefficient and � de-
termined by the IGC method are considered to be the
zero pressure value.6,7

The second effect occurs when � is used in the deter-
mination of �2 by using eqs. (2) and (6). It is the effect of
the departure of vapor phase of probes from the ideal
gas state on the solubility parameter of probes, �i. In the
original concept of cohesive energy density, it is the
energy required to separate molecules into the ideal gas
state. The definition in eq. (2), however, gave only the
heat of vaporization. At temperatures near the critical
temperature, the density of the vapor phase gradually
increases, and the departure of saturated vapor from the
ideal gas state becomes significant and needs to be in-
cluded in the definition of cohesive energy density. The
effect of high temperature on cohesive energy density,
and the need to include a vapor phase correction to
estimate the solubility parameter, was noticed in the
literature.13,35 Tan and Munk35 obtained a correlation for
vapor phase cohesive energy based on the second virial
coefficient. Naik and Aminabhavi compared three meth-
ods to �i in an IGC study of polystyrene.33 These meth-
ods applied the corresponding-states correlations by us-
ing reduced temperature (Tr), reduced pressure (Pr), and
acentric factor (�) to calculate the solubility parameter of
a liquid. In this study, the cohesive energy density is
separated into the heat of vaporization and departure of
vapor from the ideal gas state to facilitate the assessment
of the effect of vapor phase departure. Heat of vaporiza-
tion of many compounds was recently compiled by
Yaws.36,37 The departure of vapor from the ideal gas can
be estimated by using corresponding-states correlations.

There are two objectives in this study. First, an error
in the solubility parameter of probes, �i, will cause an
error in the determination of the solubility parameter
of the polymer, �2. In the previous study,19 this author
derived a formula to give the effect of a deviation of �
from the solubility parameter model on the determi-
nation of �2. Likewise, a similar effect would happen
when �i was in error. Second, it was pointed out that
the use of probes with a range of �i on both sides of �2
can reduce the correlation between � and �2. Most
probes in IGC studies had �i lower than �2. To have �i

� �2 would necessitate the use of polar probes. These
effects will be demonstrated by using systems at high
temperature and with probes on both sides of �2.

RESULTS AND DISCUSSION

Solubility parameter of probes

To illustrate the procedure and make a comparison,
IGC data of nine probes in poly(�-caprolactone) (PCL)

and poly(hydroxyl ether of bisphenol A) (PH) mea-
sured by Juana et al.38 were used in this study. Poly-
mer samples of de Juana et al. were obtained from
commercial sources: PCL (Polyscience, Niles, IL) and
PH (Quimidroga, Barcelona, Spain). PCL had Mn �
10,800 and Mw � 17,600. PH had Mn � 18,000 and Mw

� 50,700. De Juana et al. measured the specific reten-
tion volumes of probes in PCL and PH and blends at
weight ratios of 25/75, 50/50, and 75/25 at tempera-
tures of 130–160°C. The mixtures were miscible and
gave negative polymer–polymer interaction parame-
ters. The interaction parameters of probes in both
polymers at 150°C were reported and will be used in
this study to determine the solubility parameters of
the polymers. This information was used because it
was measured at a higher temperature and used
probes with different strengths of �i, covering from
hydrocarbon to alcohol. Many studies on solubility
parameters of polymers used only probes with a lim-
ited solubility parameter range (e.g., n-alkanes and
aromatics). In the previous study,19 it was pointed out
that the confidence interval of parameters of the poly-
mers is inverse to the variance of �i used. A wide range
of �i is preferred for the determination of �2.

To make a linear plot using eq. (6), the solubility
parameters of probes at high temperatures needed to
be calculated. Several correlation methods were used
to estimate the parameters of probes. The enthalpy of
vaporization is calculated by

�Hvap � A�1 � T/Tc�n (8)

This relation is known as the Waston equation.39 Tc is
the critical temperature. The exponent n is generally
around 0.38. The parameters A and n of many chem-
ical compounds are available in Yaws36 and on the
Internet.37 This equation predicts that the heat of va-
porization of a saturated liquid decrease when tem-
perature increases and becomes zero at the critical
temperature. However, the cohesive energy of a probe
vapor is not zero at the critical point. The solubility
parameter of probes in eq. (2) was defined for a low
vapor pressure situation. Near the critical tempera-
ture, the saturated vapor is in a high-temperature and
high-density state and its internal energy departure
from the ideal state, (E0 � E)vap, should be combined
with the heat of vaporization for the calculation of
solubility parameter. The formula then becomes

�2 � 	�Evap � �E° � E�vapor�/Vliquid � 	�Hvap

� �H° � H�vapor � �RT � PVliquid��/Vliquid (9)

From the reduced vapor pressure and critical com-
pressibility factor, Zc, the enthalpy departure of the
saturated vapor, H0 � H, was calculated based on the
method of Yen and Alexander.40,41 In this method, the
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dimensional ratio (H0 � H)/Tc (in units of cal/g mol)
was correlated to the reduced vapor pressure, Psat,r,
for several Zc. For the case of Zc � 0.25, the following
expression was given:

�H° � H�/Tc � 6.5Psat,r
0.62252/�1 � 0.76218

� � ln Psat,r�
0.536042� (10)

Different coefficients were given for Zc at 0.23, 0.25,
0.27, and 0.29. For probe with a Zc different from the
above values, an interpolation method was used by
using two nearby Zc’s. The molar volume required in
eq. (9) was calculated by using density, 	, estimated by
the following equation of Yaws:36,37

	 � AB��1�Tr�n (11)

where Tr (�T/Tc) is the reduced temperature. The
parameters A, B, and n, which are different from those
in eq. (8), are available in Yaws36 and on the Internet.37

The vapor pressure of probes was also calculated by
using the equation

log10�Pvap� � a � b/T � c log10�T� � dT � eT2 (12)

where Pvap is the vapor pressure in mmHg, T is tem-
perature in Kelvin, and the parameters a, b, c, d, and e
are also available from Yaws36 and on the Internet.37

From this information, the cohesive energy and the
solubility parameter of probes were calculated.

The solubility parameters of probes, �i, at 150°C are
shown in Table I. A symbol �* is used in this study to
indicate the solubility parameters of the probes with-
out the vapor phase correction and the parameters of
polymers calculated from them. The values of � � �*
are also listed in Table I. Also shown in Table I are
reduced temperatures and reduced pressures data. It
can be seen that, when Tr was 0.789 as in the case of
chloroform, the difference in solubility parameter

reached 1.00 (J/cm3)0.5. Figure 1 shows the difference,
� � �*, versus the reduced temperature of probes. It
can be seen that � � �* increased as the temperature
increased. The deviation increases more rapidly as
temperature approaches Tc. Equation (8) predicts that
the heat of vaporization is zero at Tc, but the departure
of enthalpy from eq. (10) gives a finite value. Esti-
mated by eq. (10) with typical values of Vc � 300
cm3/mol and Tc � 550 K, the solubility parameter
could reach 7 (J/cm3)0.5 at Tc. Because the solubility
parameter of most organic liquids is about 20 (J/
cm3)0.5 at room temperature, the vapor still retains
about one-third of the value at Tc. It is interesting to
point out that even at temperatures above Tc, a gas can
still have solubility in liquids and a solubility param-
eter can be assigned. Steinberg and Manowitz42 deter-
mined the solubility parameter of Xenon at 25°C by
the solubility in different liquids. Therefore, it is rea-
sonable that a solubility parameter can be assigned to
a probe even at a temperature near Tc. The vapor
phase nonideality provides the cohesive energy of a
vapor.

Figure 2 shows the linear plot of eq. (6) for PCL at
150°C. A comparison was made by using the solubility
parameter without vapor phase correction. The solu-
bility parameter of the polymer was determined to be
16.35 and 15.67 (cal/cm3)0.5 for �2 and �2*, respec-
tively. The difference �2 � �2* is in the range of �i � �i*
of probes. It can be seen that, when correction was
made, the solubility parameter of probes increased. It
also increased the left-hand side of eq. (6). The two
lines were almost overlapped because a change in �i

also changed the �i
2/RT term. This represents the

correlation effect between the left-hand side of eq. (6)
and �i, which was pointed out in the previous study.19

A vertical shift was applied to separate the two lines in
Figure 2. The overall effect is a small increase of the
slope as seen in the slope of two regression lines. In

TABLE I
Properties of Probes at 150°C

Probe V Po Pr Tr � �–�*

n-Decane 226.95 0.52 0.024 0.684 13.25 0.14
l-Butanol 107.81 2.77 0.062 0.751 18.84 0.31
Chloroform 99.44 10.16 0.183 0.789 15.38 1.00
Toluene 125.23 2.70 0.065 0.715 15.25 0.42
Benzene 106.69 5.72 0.115 0.752 15.00 0.72
1,2-Dichloroethane 94.98 5.50 0.101 0.754 16.75 0.64
Chlorobenzene 117.13 1.57 0.034 0.669 16.64 0.21
3-Pentanone 128.10 3.50 0.092 0.754 14.81 0.37
Propyl acetate 140.02 3.61 0.106 0.770 14.32 0.50

Note. Molar volume (V � cm3/mol), vapor pressure (Po

� bar), reduced pressure (Pr), reduced temperature (Tr),
solubility parameter with vapor phase correction � � (J/
cm3)0.5, and without the vapor phase correction �*.

Figure 1 Error of the solubility parameters of probes due to
the vapor phase nonideality at 150°C versus reduced tem-
perature.
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both plots, the correlation coefficients (R2) based on
the linear regression method was close to unity. It was
0.9868 when �* was used and 0.9894 when � was used.
The correction in vapor phase nonideality increased
R2. Figure 3 shows the similar result for PH. Again, the
correction of vapor phase nonideality gave a higher
solubility parameter for the polymer and a higher R2.
PH had smaller �2 and �2* compared to PCL.

Comparison of RT�/V with prediction

In a recent study, the author pointed out the dominat-
ing effect of the �i

2/RT term on the left-hand side of
eq. (6) and proposed a direct method to determine �2
and � by rearranging eq. (6) into the form19

RT�/Vi � ��i � �2�
2 � RT�s/Vi � ��i � �2�

2 � RT �

� 
i (13)

where � is the average value of �S/Vi and is assumed
to be constant for a polymer as in the linear plotting
method; 
i is the error in fitting the model. Equation
(13) is a nonlinear model with two parameters, �2 and
�. The summation of error square (SS) for a series of
probes with solubility parameter, �i, molar volume, Vi,
and interaction parameter, �i, is

SS � 

i
2 � 
	RT�/Vi � ��i � �2�

2 � RT ��2 (14)

Setting the partial differentiations �(SS)/��2 and
�(SS)/�� to be zero, the expressions for the optimum
value of �2 and � were obtained. It was concluded that
the expression of the �2 term was the same as eq. (7)
but the result of � had a different expression:19

� � 	
�i/Vi � 
��i � �2�
2/RT�/N (15)

where N is the number of probes, �2 is the solubility
parameter of the polymer, and the summation is taken
for all the probes. Figure 4 compares the experimental
values of RT�/V with the model in eq. (13) for PCL at
150°C. Also shown in the figure is the result using
solubility parameters of probes without the vapor
phase correction. The predicted values, using eq. (13)
and calculated as �2 and �, were plotted as solid
curves. Another dashed curve represents the result by
using �*. The effect of the vapor phase correction was
to make the curve shift toward the right-hand side and
increase �2. The � term decreased slightly when the
vapor phase correction was made. The effect of vapor
phase correction can be clearly seen in Figure 4 by the

Figure 2 The plot of left-hand side of eq. (6) versus the
solubility parameters of probes in PCL at 150°C. Open sym-
bols are without vapor phase correction; filled symbols are
with vapor phase correction. Open symbols were shifted
downward by 0.02 mol/cm3.

Figure 3 The plot of left-hand side of eq. (6) versus the
solubility parameters of probes in PH at 150°C. Open sym-
bols are without vapor phase correction; filled symbols are
with vapor phase correction. Open symbols were shifted
downward by 0.02 mol/cm3.

Figure 4 Comparison of experimental RT�/V with the sol-
ubility parameter model for probes in PCL at 150°C. Open
symbols and dashed curve are without vapor phase correc-
tion; filled symbols and solid curve are with vapor phase
correction.
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moving of the points. Figure 5 shows a similar result
for PH. The effect of vapor phase correction also in-
creased �2, but a decrease in � was seen. It appeared
that an increase in �i can lead to either an increase or
a decrease of �.

The values of �2 and � for both polymers are shown
in Table II. The values of � were lower for PCL. It is
noted that PCL in the previous study19 also had an �
value near zero at 80°C. The lower value of PCH
probably results from the specific interaction with the
probes. The probe that made the most moves is chlo-
roform. It is shown in both Figures 4 and 5. It had a
high negative deviation in Figure 4 but had a high
positive deviation in Figure 5. This is a result of a
specific interaction between chloroform and PCL. The
hydrogen bonding between the hydrogen of chloro-
form and the carbonyl group of PCL does not exist in
PH. In PH, hydrogen bonding is formed between the
hydroxyl groups of PH. The hydroxyl groups of PH
tend to associate with each other38 rather than inter-
acting with probes and make � of all probes higher
than PCL.

In the previous study,19 the following dimension-
less ratio was proposed to estimate the goodness of fit
for eq. (13):

� � 
�yest � y�2/
�y � y�2 (16)

where y represents the experimental value of RT�i/Vi,
y� is the average value of all probes, and yest is the
estimated value of the left-hand side of eq. (13) using
the calculated �2 and �. The symbol � is used in this
article instead of R2 so that it would not be confused
with the R2 in Figures 2 and 3. Equation (16) gives the
ratio between the variance of predicted values and
experimental values. The values shown in Table II
were less than unity. These indicated that the vari-
ances of experimental values were higher than the
predicted values, and the ratio was smaller than unity
even though a reasonable fit was seen visually in
Figures 4 and 5. The use of eq. (16) is more rigorous
than R2 in Figures 2 and 3. The ratio is closer to unity
for PH because it has less deviation. Another quantity
that can be used to compare the model is the sum-of-
error square. It is given as SR in Table II. It was higher
for PCL because it had more deviations than PH, as
seen in Figures 4 and 5.

Sensitivity of �2 and � to the solubility parameter
of probes

Without the vapor phase correction, the solubility pa-
rameter of probes tends to be lower. This deviation
can affect the determination of �2 and �. It is important
to be able to estimate the error in the determination of
�2 when this error happens. The effect of the error
term, ��i, on �2 can be derived from eq. (7) by taking
the derivative of ln �2 versus �i

� ln�2/��i � �1/�2����2/��i� � 	2�i��i � �� � ��i
2

� RT�i/Vi� � �1/N�
��i
2 � RT�i/Vi��/
��i � ����i

2

� RT�i/Vi� � 2��i � ��/
��i � ��2 � 	2�i��i � �� � ��i
2

TABLE II
Results from Curve Fitting of eq. (13) at 150°C

PCL PH

�2 (J/cm3)0.5 16.35 16.07
�2* (J/cm3)0.5 15.67 15.60
RT� (J/cm3) 1.85 14.67
RT�* (J/cm3) 2.42 13.03
� 0.146 0.222
SR (J2/cm6) 243.52 146.54

Note. �2* and �* are parameters of polymer determined
using probes without vapor phase correction.

TABLE III
Parameters for the Approximate Joint Confidence Region

and the Confidence Interval (CI)

PCL PH

��–�2 (J/cm3)0.5 �0.764 �0.493
A11 (J/cm3) 105.76 93.5
A12, A21 (J/cm3) 224.72 142.59
A22 (J/cm3) 2404.43 2325.36
90% CI of �2,0 (J/cm3)0.5 1.643 1.328
90% CI of RT�� 0/�2,0 (J/cm3)0.5 0.306 0.231
Angle of inclination �5.5° �3.6°

Figure 5 Comparison of experimental RT�/V with the sol-
ubility parameter model for probes in PH at 150°C. Open
symbols and dashed curve are without vapor phase correc-
tion; filled symbols and solid curve are with vapor phase
correction.
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� RT�i/Vi� � �1/N�
��i
2 � RT�i/Vi��/	2�2
��i � ��2�

� 2��i � ��/
��i � ��2 (17)

The equation can be modified by using eq. (13) to
give

��2 � ���2/��i���i � 	2��i � ����i � �2�

� 
i���i/2	
��i � ��2� � ��i � ����i � �2���i/�N

� 1�2 � 
i��i/2�N � 1�2 (18)

where 2 is the sample variance of �i. When ��i is a
constant for all probes, the summation of ��2 is the
constant ��i. This agrees with the physical meaning
that the curve is moved horizontally by a constant
value without a vertical motion. Equation (18) shows
that ��2 contains two parts. The first part is propor-
tional to (�i � ��)(�i � �2). For a probe with �i � �� and
�i � �2, an increase of �i tends to increase �2. The same
result happens when �i � �� and �i � �2. When �i is
near �� or �2, the effect is small because the probe is
located at the horizontal portion of the parabolic
curves. Thus, for a probe at the far left or right ends of
the probe distribution, a decrease in �i will result in a
decrease of �2. The second part of eq. (18) occurs from
the error term in the solubility parameter model, 
i.
For many probes, the 
i term contributes more than
the first term. Because 
i can be either positive or
negative for a particular probe, ��2 can be positive
even though ��i is negative. We can call ��2 the sen-
sitivity factor of a probe toward the value of �2.

Figure 6 shows the plot of ��2 and the first term of
eq. (18) versus the solubility parameter of probes. The
difference between them represents the effect of the
second term. The effect of the first term resembles a
parabolic function because the effect is higher at both

ends as pointed out in the previous paragraph. The
data point out that the most left-hand side deviates
from the trend. The point represents n-decane, which
has the smallest ��i. With the inclusion of the second
term, the overall effect showed that probes at both
ends had a small ��2 and probes at the center had a
wider range of ��2. This is because the probes at the
center had a higher ��i, and the effect of the 
i term
was also large. This is different from the previous
study19 on the effect of the deviation of � from the
solubility parameter model on ��2. In the case of the
deviation of �, the probes near the center made only a
small contribution because ��2 was weighted by a
small (�� � �i). In Figure 6, the largest effect was made
by chloroform. This is because it had the highest ��i. It
is noted that the ��2 of chloroform had different signs
in the two polymers because of a difference in sign of
the 
i term, which can also be seen in Figures 4 and 5.
This represents a specific interaction between chloro-
form and PCL and its absence in PH. In most probes,
��2 was negative because ��i was also negative.
Therefore, the effect of ��2 from each probe is cumu-
lative. If more probes with high Tr were used, the total
effect could be important.

The effect of the error term, ��i, on � was derived
from eqs. (7) and (18):

RT�� � RT���/��i���i � RT���/��2����2/��i���i

� 2��2 � �i���i/N � �� � �2�	2��i � ����i � �2�

� 
i���i/�N � 1�2 (19)

Equation (19) shows that RT�� depends on two
terms. The first term represents the direct effect of ��i

on �. The second term occurs because there is a de-
pendency between � and �2 in eq. (15). The deviation
term, ��i, affected �2, which in turn affected �. When
��i is a constant for all probes, the summation of RT��
is zero. This agrees with the physical meaning that the
curve is moved horizontally by a constant value with-
out a vertical motion. When ��i is not a constant, the
summation of RT�� would not be zero.

Figure 7 shows the plot of RT�� and 2(�2 �
�i)��i/N versus the solubility parameters of probes for
both polymers. The difference between RT�� and 2(�2
� �i)��i/N represents the contribution from the last
term in eq. (19). Similarly to Figure 6, some probes in
the center region showed a wider deviation than the
probes at both ends. In both polymers, the second
term gave a positive contribution to RT�� for most
probes. The effect was smaller in PH. The second term
is proportional to (�� � �2), which is the result of the
dependency of � on �2. The value of (�� � �2) is �0.764
and �0.493 (J/cm3)0.5 for PCL and PH, respectively.
This difference accounted for the difference in the
magnitude of the last term of eq. (19). When probes

Figure 6 The effect of ��2, caused by ��i of probes, versus
solubility parameter of probes for PCL and PH at 150°C.
Filled symbols represent the total value; open symbols rep-
resent the effect of the first term in eq. (18).
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with �� � �2 are used, the second term is zero because
there is no correlation between � and �2, as explained
in the previous study.19 Because RT�� varied from
negative to positive when �i increased, a large portion
of RT�� by different probes cancelled and the overall
effect was small. The mathematical meaning is that the
horizontal moving of points in Figures 4 and 5 only
move the curve slightly in the vertical direction.

Confidence intervals of parameters

By using a linearization method43 around the opti-
mum values of the two parameters, �2,0 and �0, the
approximate joint confidence region for the summa-
tion of error square, 
 
i

2, can be expressed as a
quadratic form of two variables [X1, X2] � [�2 � �2,0, (�
� �0)RT/�2,0]:

A11X1
2 � 2A12X1X2 � A22X2

2 � SR

p
N � pF��N,N � p�

(20)

where SR is the sum of error square (SS) calculated at
the optimum values �2,0 and �0 using eq. (14), F� is the
F distribution with confidence level �, p is the number
of parameters, and N is the number of samples. The
reason that �RT/�2,0 was used as the variable instead
of � was to make the dimensions of both variables
consistent. For this study, p � 2, N � 9, and the F� at
90% confidence level is 3.26. The coefficients A11, A12,
and A22 can be determined from the partial differen-
tiation with respect to SS by using the expression in
eq. (14):

A11 � �1/2��2�SS�/�X1
2 � 4
��i � �2,0�

2 (21)

A12 � A21 � �1/2���2,0/RT��2�SS�/�X1�X2

� � 2
��i � �2,0��2,0 (22)

A22 � �1/2���2,0/RT�2�2�SS�/�X2
2 � N�2,0

2 (23)

The values of A11, A12, and A22 are listed in Table III.
The 90% joint confidence regions were ellipses and are
shown in Figure 8. The angle of inclination listed in
Table III indicates that the joint confident region is
only slightly oblique and there is little correlation
between �2 and �. It was pointed out in the previous
study19 that the dependence of �2 on � in eq. (15) was
the cause of correlation. Because ��/��2 is propor-
tional to (�� � �2), there is no correlation when (�� � �2)
is zero. The correlation can be compared by the mag-
nitude of (�� � �2), which was also listed in Table III. In
the previous study,19 the angle of inclination for PCL
at 80°C was about �15o when probes were located at
the left-hand side of �2. The ellipses had a higher
inclination than those in this study. The difference (��
� �2) was �3.20 (J/cm3)0.5, which differed from zero
more than the values in this study.

Finally, the coefficient matrix can be transformed
into a diagonalized form and the confidence interval
(CI) of variables can be calculated from the length of
the principal axes of ellipses. The parameters for the
joint confidence region of PCL and PH are listed in
Table III. The 90% CI of PCL is longer than PH because
the former has a higher SR. The 90% CI of PCL is
longer than that of PCL in the previous study19 be-
cause fewer probes were used in this study (i.e., 9
versus 25). The value of 1.64 (J/cm3)0.5 for CI in this
study is a large value, considering that the solubility
parameters of most organic compounds only range
from 14 to 20 (J/cm3)0.5, as shown in Table I. If fewer
samples or probes with narrow �i are used, the CI will

Figure 7 The effect of RT��, caused by ��i of probes,
versus solubility parameter of probes for PCL and PH at
150°C. Filled symbols represent the total value; open sym-
bols represent the effect of the first term in eq. (19).

Figure 8 Approximate joint confidence region of �2 and
�RT/�2,0 at 90% level for PCL and PH.
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be even wider. This study demonstrated the impor-
tance of testing CI of parameters.

CONCLUSION

A method is proposed to include a correction for the
nonideality of the vapor phase of probes in the deter-
mination of solubility parameter of polymers at high
temperature. By using PCL and PH and nine probes at
150°C as an example, it was found that, without the
correction, the solubility parameters of probes and
polymers tended to be underestimated. Formulae
were derived to estimate the error of the parameters in
the solubility parameter model caused by the correc-
tion term. The CIs of parameters were calculated. The
use of more probes with a wider solubility parameter
range can reduce the CI of the parameters. Selecting
probes with �� near �2 can reduce the correlation be-
tween �2 and �.

The author expresses special thanks to Dr. R. D. Deanin of
the Plastics Engineering Department at the University of
Massachusetts Lowell for invaluable help and useful discus-
sion.
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